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Introduction

O NE of the widely used techniques for the solution of the
Navier-Stokes equations is the pressure-based relaxation

method, where the flowfield is approximated with an assumed
velocity and pressure field and updated using a Poisson solver
for the pressure.

Caretto et al.1 developed an original technique that was a
breakthrough at the time, but suffered severely from geometri-
cal limitations because the equations were written in Cartesian
coordinates, and the staggered grid arrangement did not allow
the easy transformation of the equations to a generalized coor-
dinate system. The pressure correction method (PCM) requires
the solution of a Poisson pressure correction equation and a
subsequent explicit correction of the velocity and pressure
field. Rhie and Chow2 were the first to compute on a regular,
or nonstaggered, grid by substituting the full momentum equa-
tions into the integral form of the continuity equation. Their
solution procedure, however, still relied on the basic pressure
correction algorithm.
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Three different substitution formulations with nonstaggered
grids have been suggested by Shih and Ren.3 Some of these
employ the Poisson equation for pressure in place of the con-
tinuity equation. Their formulation was derived in nonconser-
vative finite difference form in contrast to the derivation of the
equations in conservative form in the present study. The code
developed in this paper uses pressure weighting to allow the
solution of the discretized equations on a regular grid, and the
equations are coupled by the substitution of the pressure-
weighted form of the momentum equations into the integral
form of the continuity equation. The new method permits the
direct solution of the pressure, and not the pressure correction,
which allows for the additional coupling of the momentum
and pressure equations to be solved in block form.

Theoretical Formulation
The equations governing two-dimensional steady incom-

pressible flow are solved in generalized coordinates since the
intended application is for the computation of cascade flows.
The discretized form of the momentum equations are evalu-
ated at the control volume faces using pressure weighting. This
form of the momentum equation is then substituted into the
discretized form of the continuity equation which results in an
implicit pressure equation. A rigorous derivation of this
method is described by Hobson and Lakshminarayana.4

The major difference between this derivation and that of
Rhie and Chow2 is evident when one considers the amount of
dissipation in the source term of the implicit pressure equation.
The present method does not have as much dissipation for the
solution of the pressure equation because it only has two pres-
sure gradient expressions in the source term. The Shih and
Ren3 formulation, which is nonconservative, did not include
the pressure-weighted method.

The existence of iterative methods with good error-smooth-
ing properties depends upon the ellipticity of the system of
equations. Following Shaw and Sivaloganathan,5 a lineariza-
tion of the two-dimensional Navier-Stokes equations in Carte-
sian coordinates is obtained by freezing p, ^ at p0, Mo» respec-
tively, and velocities u,v where they contribute to nonlinear
terms, at W0,v0, respectively. The linearized system may be
written as
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where the linearized convective operator is

d d
c = Po WOT- + v0—1 dx dy

Equation (1) can be written in matrix form as

Lq =0

(2)

(3)

A Fourier and local mode analysis of this system results in an
amplification matrix for this system of equations unique to the
discretization scheme. Shaw and Sivaloganathan5 considered
the pressure correction scheme, and Hobson and Lakshmi-
narayana4 considered the pressure substitution method (PSM).

The distribution of the amplification factor for the PSM
and that obtained from the analysis by Shaw and Sivalo-
ganathan5 for the pressure correction method (PCM)(but for
collocated variables) are compared in Table 1. The compari-
son gives the minimum amplification factors for each method.
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Table 1 Amplification factor comparison
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Fig. 1 Convergence history for sudden expansion flow.

Overall the character of the amplification factors for the two
methods is similar in shape, which is not surprising since the
algorithms only differ in the amount of the dissipation in the
pressure equation.

The high frequency spectrum of the PCM is better than the
PSM, with a lower amplification factor for the low Reynolds
number case. At large cell Reynolds numbers and a purely
convective flow, however, the situation is reversed. For this
case Reu = 100 and Rev = 0. The PSM has a lower amplifica-
tion factor in the high frequency region. The difference is not
significant, but the trend shows that, for high Reynolds num-
ber flows, the PSM is superior to the PCM. This is also evident
for the high Reynolds number diffusive case.

Results and Discussion
Although the two-dimensional version of the PSM program

has been cast in generalized coordinates, the test case con-
sidered is that of flow over a plane symmetric sudden expan-
sion for which flow visualization and laser anemometry mea-
surements are reported by Durst et al.6 The rectangular
computational domain covered half the width of the duct and
extended 48 times the upstream channel height H (which is
also the step height) downstream of the expansion. Fifteen
equally spaced grid points were used in the cross-stream direc-
tion and 15 stretched grid points were used in the streamwise
direction. The grid stretching factor used in the streamwise
direction was 1.4.

This test case was chosen to validate the code by comparing
the predicted velocity distributions with those measured at a
Reynolds number of 56. The inlet axial velocity distribution
used was the same as that measured at a distance of 25% of the
step height, upstream of the expansion. Fully developed condi-
tions were assumed to exist at 48 times the upstream channel
height H downstream of the expansion. The gradients of all of
the flow quantities across the symmetry boundary were set
equal to zero along the duct center line. Relaxation was per-
formed for 1000 outer iterations (five inner iterations were
performed for each set of simultaneous linearized equations
for uyVy and/?), and the convergence of the solution by more
than seven orders of magnitude is shown in Fig. 1.
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Fig. 2 Comparison between experimental and computational axial
velocity profiles for sudden expansion.

The comparison between the predicted and experimentally
measured velocity profiles at the various streamwise locations
is shown in Fig. 2. The agreement is very good considering
the coarse grid used. The present calculations show a slight
deficit in the prediction of the center line velocity. Because
the flow velocity in the recirculation region was less than 10%
of the centerline velocity, the cell Reynolds numbers in this
region were less than 2; thus, false diffusion effects should be
negligible.

Conclusion
The present method permits computation on a regular grid

instead of on a staggered grid and allows for the solution of the
pressure and not the pressure correction. The method closely
couples the velocity and pressure field, and thus does not
suffer from pressure oscillations.

The local mode analysis showed that the new algorithm has
good error smoothing capabilities, especially for high Rey-
nolds number flows. Linear stability analysis indicated that the
performance of the PSM and PCM is about the same at low
Reynolds numbers. However, at high Reynolds numbers with
significant pressure gradients the PSM shows much faster con-
vergence. The overall storage and total CPU time is also re-
duced with the PSM.

For low Reynolds number laminar flows the PSM showed
the same convergence as the PCM; however, for high Reynolds
flows the convergence rate of the PSM was better than the
convergence rate of the PCM. The new method computed the
sudden expansion flow at a low Reynolds number with a very
high degree of accuracy.
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Extension of the A Formulation to
Imperfect Gas Flows

II. Formulation
The formulation is presented here for simplicity for a quasi-

one-dimensional isentropic flow. We assume the speed of
sound a as the state variable, and the velocity u as the motion
variable. Consequently, the continuity and momentum equa-
tions, which we write for convenience in the form

Pt ,+ aux — —au (1)
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I. Introduction

A WIDE class of nozzle flows, including in particular those
in air-breathing engines and wind tunnels (except the

ones operating in the hypersonic range), involve large temper-
ature excursions, but with stagnation values limited to
2000-2500 K. In such conditions, whereas chemical reactions
can still be considered negligible, effects related to the specific
heat varying with the temperature cannot. Indeed, specific
heat at constant pressure cp exhibits a fairly large variation
with temperature. For example, the cp of air varies by ~ 25%
in the temperature range 200-2000 K (thermal equilibrium is
assumed; see Sec. IV for a discussion of this assumption). At
the same time, in the flows under consideration, the thermal
equation of state is still closely obeyed. Such behavior must be
taken into account in computational models if accurate nu-
merical predictions are required.

The X formulation1'2 has proven to be a powerful tool for
the numerical solution of compressible flows of a perfect gas.
By "perfect" we mean that the gas is assumed to be both
thermally and calorically perfect. The first attribute refers to
its obeying the perfect gas law, and the latter denotes that its
cp is taken as a constant. This formulation has been success-
fully extended to finite-rate chemically reacting flows,3"5 but
with the limitation that the component gases of the reacting
mixture are perfect.

In this Note we extend the X formulation to (inert) flows of
thermally perfect gas with cp varying as a function of the
temperature T. Such gases are sometimes referred to as "im-
perfect gases." The resulting formulation is extremely simple
and involves a minimum computational overhead in compari-
son to the perfect gas case. Indeed, existing algorithms for a
perfect gas can easily be upgraded with a minimum coding
effort, without fundamentally altering their structure.

The proposed formulation is applied to the computation of
flow in a quasi-one-dimensional nozzle to prove the workabil-
ity of this approach and to demonstrate the differences with
respect to a perfect gas computation. It will be apparent,
however, that the range of application of the present formula-
tion is completely general.

It should be noted that, at temperatures above the range
considered here, reaction must inevitably be taken into ac-
count. However, this involves completely redefining both the
model and the computational algorithm, with associated prob-
lems of an entirely different magnitude and much longer com-
puter times. Further, the problem of caloric imperfection must
still be addressed at the level of the individual component
gases. Instead, the aim of the present paper is to show that
within the stated assumptions a significantly better physical
description can be achieved at a minimum cost with respect to
a standard formulation.

ut + uux + - px = 0
P

(2)
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will be recast in terms of the variables a and u. To this end, we
observe that the speed of sound is related to the temperature T
via the relationship

a2 = yRT (3)

where 7 is the gas specific heats ratio cp/cV9 with R = cp - cv.
After logarithmic differentiation we obtain

(4)

where the prime denotes differentiation with respect to either
t or x, and yT is the derivative of 7 with respect to T. From the
first principle of thermodynamics, written for adiabatic flows
with pressure work only,

(5)

from which, in view of Eq. (4),

^-= 1

P

with the definition 6 = (7 - 1)72. This expression will be sub-
stituted into the continuity equation.

The pressure gradient term in the momentum equation can
be expressed by means of Gibbs' relationship, which in partic-
ular for isentropic flow reduces to

V-*'P
where h is the enthalpy. Then, after Eq. (4), with h' = cpT'9
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The set of Eqs. (1) and (2) can then be recast as
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At this juncture, we note that the term a' can be expressed
alternatively as aTTr, with a being a function of the tempera-
ture T only. We also note that the term
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